When the impurity mean free path is short, only spin-polarized Cooper pairs which are non-locally correlated in time may exist in a half-metallic ferromagnet. As a consequence, the half-metal acts as an odd-frequency superconducting condensate. We demonstrate both analytically and numerically that quantum vortices can emerge in half-metals despite the complete absence of conventional superconducting correlations. Because these metals are conducting in only one spin band, we show that a circulating spin supercurrent accompanies these vortices. Moreover, we demonstrate that magnetic disorder at the interfaces with the superconductor add extra dynamics to the vortices as compared to in a normal metal. This insight can be used to help determine the effective interfacial misalignment angles for the magnetization in hybrid structures. We also give a brief discussion regarding which superconducting order parameter to use for odd-frequency triplet Cooper pairs in the quasiclassical theory.
FIG. 1: Sketch of a SHS junction. m is the magnetization direction in the half-metal and m l and m r are the magnetization directions at the left and right interface, respectively. θ l and θ r are the associated polar angles and α l and α r are the associated azimuthal angles. L and W are the length and width of the half-metal, respectively. The blue regions show the vortex cores where the DOS equals its normal-state value. Away from the cores, the DOS deviates from its normal-state value due to the superconducting proximity effect. because it requires a mechanism which converts the spinless (singlet) Cooper pairs to spin-polarized (triplet) pairs. The theorized mechanism to produce such correlations involve spin mixing and spin-flip scattering at the interface [8] . Spin mixing introduces triplet correlations at the superconducting side, and spin-flip scattering mediates these correlations to the half-metallic side.
What allows us to investigate SH-heterostructures in the presence of an external magnetic field is the recent derivation of general spin-active boundary conditions for the quasiclassical theory applied to diffusive systems [9, 10] . This means that we can apply the quasiclassical Usadel theory in such a way that the Cooper pair conversion mechanism described above is included.
Here, we apply this theory both analytically and numerically to a two-dimensional SHS-junction as depicted in fig. 1 under a constant perpendicular magnetic field. We find that vortices indeed form in the purely triplet odd-frequency superconducting condensate existing in the half-metallic ferromagnet. Their arXiv:1904.04846v2 [cond-mat.supr-con] 15 Apr 2019 location depends not only on the superconducting phase difference, but also on the effective interfacial magnetization directions characterizing either magnetic disorder or artificially inserted thin ferromagnetic layers [5] .
Methodology: The SHS junction depicted in fig. 1 can be treated in the quasiclassical formalism under the assumptions that the Fermi wavelength is much shorter than all other relevant length scales and so long as only one spin band is included in the half-metal. If in addition the system is diffusive, meaning that the scattering time is small, the isotropic part of the quasiclassical Green's function dominates and solves the Usadel equation [25] [26] [27] [28] ,
Here, D is a diffusion constant,ρ 3 = diag(1, 1, −1, −1) and the
is the quasiclassical impurity-averaged Green's function. In equilibrium, the components of the 8 × 8 Green's function in eq. (2) are related by the identitiesĝ = (ĝ −ĝ ) tanh(εβ/2) andĝ = −ρ 3ĝ †ρ 3 , which means that in this case it is sufficient to solve for the retarded componentĝ . We use the vector po-
] e x , where n = Φ/Φ 0 is the number of flux quanta penetrating the half-metal and e x is the unit vector in the x-direction.
The quasiclassical formalism is not applicable across boundaries because the associated length scale is too short. The Usadel equation must therefore be solved in the half-metal and superconductors separately, and the solutions must be connected through boundary conditions, which can be written
where e n is the outward-pointing normal vector for region i, G i is the bulk conductance of material i and L i is the length of material i in the direction of e n .Î(ĝ R i ,ĝ R j ) is the matrix current from material i to material j.
For the case of spin-active tunneling boundaries, the matrix current, to second order in transmission probabilities and spinmixing angles, is [9, 10] 
where, for a half-metallic ferromagnet F(v) =v+{v ,m}+mvm andm k = diag(m k · σ, m k · σ * ). Here σ = (σ i , σ 2 , σ 3 ) is the vector of Pauli matrices and m k is a unit vector in the direction of the magnetization experienced by a particle being reflected in material k. Similarly,m = diag(m · σ, m · σ * ) where m is the unit vector in the direction of the magnetization being felt by a particle which is transmitted. The expression for the various conductances, G 0 , G 2 , G χ , G φ and G φ2 can be found in [10] . For boundaries interfacing vacuum, the matrix current isÎ = 0. The Usadel equation can be made dimensionless by introducing the Thouless energy, ε D/L 2 , and measuring length scales relative to L and energies relative to ε .
In general, the Usadel equation has to be solved together with the Maxwell equation in a self-consistent manner. However, we are interested here in the case where the width W is smaller than the Josephson penetration depth. In this case one can ignore the screening of the magnetic field by the Josephson currents and the magnetic field is equal to the external one.
In the Ricatti parametrization [29] ofĝ R , the parameter is the 2 × 2 matrix γ and the retarded Green's function is written
where N (1 − γγ) −1 and tilde conjugation isγ(ε) = γ * (−ε). There is only one conducting spin band in a half-metal, and as a result γ has only one nonzero element,
Substituting this into eq. (1) we get that a solves the equation
The Ricatti parameter in the superconductors can be written as γ c = antidiag(b, −b), where b is a function of ε and the superconducting gap parameter ∆. Inserting this and eqs. (4) and (6) into eq. (3) we get
where B = bb − 1, C = 1/ 1 + bb and θ and α are the angles for the magnetization directions on the superconducting side as shown in fig. 1 . The corresponding equations forã and e n · ∇ã is found by tilde conjugating eqs. (7) and (8). Supercurrent: As mentioned initially, a vortex is accompanied by a circulating supercurrent. This can be extracted from the quasiclassical Green's function. In the following it will be useful to writeĝ
In the half-metal, f has only one nonzero component, f ↑ . Written in terms of the quasiclassical Green's function, the current density is [25] 
Inserting eq. (9), using the relationsĝ = −ρ 3ĝ †ρ 3 ,ĝ = (ĝ −ĝ ) tanh(εβ/2), eq. (10) can be rewritten
The spin current can be found by multiplying the matrix in the integrand of eq. (10) by the Pauli matrix corresponding to the appropriate spin direction before taking the trace. For a half-metal magnetized in the z-direction, the z-component of the spin supercurrent polarization is proportional to the electric current while the remaining spin current components vanish.
Cooper Pair Correlation Function: The Cooper pair correlation function in a diffusive half-metal must vanish at equal times due to the Pauli principle and is thus temporally nonlocal [16] . This naturally raises the question of how to define the superconducting order parameter. In a normal superconductor, the order parameter is ψ ↑ (r, 0)ψ ↓ (r, 0) where ψ σ (r, t) is the field operator which destroys an electron with spin σ at position r and time t. The same order parameter is used in a normal metal, but the analogous quantity for the half-metal, ψ ↑ (r, 0)ψ ↑ (r, 0) is always zero. One approach, which is often used in the Bogolioubov-de Gennes formalism [30] , is to keep the relative time coordinate t finite between the field operators, that is
Another frequently used strategy [31] is to make the order parameter even in time by differentiation. This yields
Below, we shall compare these two possible choices for order parameter describing the odd-frequency superconducting condensate to see which of them that correctly captures the vortex behavior.
Numerics: The Usadel equation was solved numerically using a finite element scheme [32] . The program was written in Julia [33] , Forward-mode automatic differentiation [34] was used to calculate the Jacobian and JuAFEM.jl [35] was used to iterate through the cells.
Results and Discussion: The Green's functions in the superconductors are needed through the boundary conditions. From solving the Usadel equation in the superconductors we find that the correction to the bulk solution g = [θ(|ε|−|∆|) sgn(ε)+θ(|∆|−|ε|)] ερ 3 +∆ / ε 2 − |∆| 2 is negligible in the limit L /L → ∞ where L is the length of the superconductors.
If we assume the proximity effect to be weak, we can keep only terms which are linear in a,ã and their gradients. In this case the Usadel equation (7) decouples:
Equation (14) can be further simplified in the so-called wide junction limit, where n/W 1. If A = 0, the solution of eq. (14) is constant in the y-direction. Assuming this is approximately true also for small A, we neglect the term ∂ 2 y a. Equation (14) can now be solved exactly. Applying the linearized boundary conditions, the solution can be written on the form
where Θ = φ r − α r − φ l + α l + 2πiny/W and the functions h 1 and h 2 depend on ε, ∆ and the conductances. Note that the wide junction approximation is not applicable at small energies. When sin θ l = sin θ r , a vanishes at x = 1/2 and
where N is any integer. This means that f ↑ and hence also Ψ 1 and Ψ 2 vanishes at these points. a is holomorphic, so from Cauchy's argument principle [36] there is a 2π phase winding in the order parameters around these points. These n roots are the only ones for Ψ 2 , but for Ψ 1 there are relative times t for which additional roots exist. Since each vortex is associated with a quantum of magnetic flux, Φ 0 , there should be at most n vortices when the flux is nΦ 0 . This suggests that Ψ 1 is less suited for finding vortices than Ψ 2 if we identify vortices by the roots of the order parameter. Using Ψ 2 suggests that when sin θ l = sin θ r and the magnetic flux is nΦ 0 , there will in the wide-junction limit be n vortices whose location is determined by the difference in the superconducting phases and the magnetization angles. The situation is more complicated when sin θ l sin θ r . In this case the roots of eq. (15) depend on ε, and we will leave the discussion for how this affects the order parameter to the numerical investigation. However, some insight can still be had from the analysis. Scaling sin θ in the boundary condition (8) is equivalent to scaling the conductance G χ . That is, if sin θ r < sin θ l , then the proximity effect is weaker at the right side, meaning that the vortices should be pushed to the right. This is indeed what we find numerically.
We now proceed to show numerical results in the full (nonlinear) proximity effect regime. We have set the parameters |∆| = 4ε , G = 3G 0 , G χ = 0.01G 0 , G 2 = 0.002G 0 and φ l = α l = 0 common for all the numerical calculations. We obtain qualitatively similar results for other choices of the conductance parameters G / i . We include the effect of inelastic scattering by doing the substitution ε → ε + iδ where δ = 0.001|∆| in order to avoid the divergence ofĝ at ε = |∆| [37] .
Comparing the position of the roots of Ψ 1 and Ψ 2 with the circulating spin currents, we can see whether the order parameter gives a good indication of the existence and location of vortices. First we consider sin θ l = sin θ r . What we observe numerically is that Ψ 2 gives the same location for vortices as the circulating current j would suggest. Similarly, we have verified the Ψ 2 vanish at the same points where the density of states (DOS) becomes equal to its normal-state value. Ψ 1 vanish in the vortex cores, but also in additional points which depend on t. There are also circulating currents around the locations where Ψ 2 has a root and phase-winding when sin θ l sin θ r . In the wide limit there are n vortices with locations slightly pushed to the side where sin θ is smaller. The DOS is still mostly equal to the normal-state value in the vortex core, but at some energies the location where the DOS is exactly equal to the normal-state is slightly different. We suggest that this effect stems from the fact that one superconducting interface is now closer to the vortex position than the other. Since the decay length of the superconducting correlations f ↑ inside the half-metal depends on ε, it is no longer possible for the correlations coming from each superconductor to interfere destructively at the same spatial point for all ε when this point is not equidistant from both interfaces. Consequently, the vortex core becomes more delocalized. Finally, in the asymmetric case sin θ l sin θ r , Ψ 1 has the usual problem of having additional roots, but for some relative times the roots corresponding to the correct vortices are also either shifted or not present.
Thus, we conclude that using Ψ 2 seems best suited as order parameter for the numerical investigation of quantum vortices in an purely odd-frequency superconducting condensate. Alternatively, one could use Ψ 1 with ε t 1 which will give the same result since Ψ 1 ∼ Ψ 2 t as t → 0. Figures 2 and 3 shows the amplitude and phase of Ψ 2 as well as the supercurrent j for a wide junction subjected to a magnetic flux of 4Φ 0 , with sin θ r = 1, φ r − α r = 0 and sin θ r = 0.5, φ r − α r = π/2, respectively. Figures 2 and 3 shows that there are two vortices with fully spin-polarized supercurrent circulating them, and that their location has the y-coordinates given by eq. (16). In the non-symmetric case we see that the vortices are moved towards the side where sin θ is smaller, as expected from the analysis.
The dependence of the vortex position on both α and θ suggests an experimental method to determine the effective magnetization angles describing disorder in the form of interfacial misaligned moments or artificially inserted misaligned magnetic layers in half-metallic hybrid structures. For a fixed value of the magnetic flux and phase difference φ r − φ l (which is tunable by the applied current), the y-coordinates of the vortices gives information about the azimuthal angles α l and α r , while the x-coordinates gives information about the polar angles θ l and θ r . This approach could possibly be easier than trying to measure the magnetization angles directly. We suggest that this observation could be especially useful if the non-collinear magnetization angle at the interface is produced by the natural misalignment of magnetic dipoles arising from the conjunction of different atomic structures at the interface.
Conclusion: We have found both analytically and numerically that superconducting vortices occur also in the purely odd-frequency superconducting condensate that exists in proximized half-metallic ferromagnets. A fully polarized spin supercurrent is found to circulate each vortex core. The magnetization angles of the interfaces with the superconductor add extra dynamics to the vortices as compared to in a normal metal. We suggest that this insight can be used to help determine these angles in hybrid structures.
